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* The problem of identifying the number of Clusters.

 The number of clusters is expected to change as we add more observations over
time
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Motivation of Dirichlet Process f@*ﬁﬁ%@ﬁﬁi

* Dirichlet Process : a family of non-parametric Bayesian models(in a sense,
infinite number of parameters).

s

7 parameters vectors

Dirichlet Process Mixture Models perform clustering.
Feature : Don’t require to define the number of clusters .
Adapt the number of active clusters over time

Unsupervised.
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 Game (Bata distribution):

Random figures x1,x2,...x10 ~Uniform(0,1)
m==) Guess the 7t" large number. How do you guess
(error less 0.01)?

iid

1: X7,Xo,--- . X, ~Uniform(0,1),
2. 4itikn ABEHLAS BHEFE G A BURUE S5 X 1), X2y - X,
3: |‘”Jx\"(k) ) A A4
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Clusterl Cluster2
'\‘k—l A'\“ (l . .\_)n k
0 | | 1
1
k-1values X X+ Ax n-k values
Kooy X, N X,

I 1

(

Px <X, <x+Ax) ﬂl(ZiD)f“(l—)C " Ax+o( ) = (1) =

Return game, choose the peak of
f(x),where =7, =4

P(E)=x"1-x-Ax)""Ax=x"(1-

E={X €[0x)i=2..k), X, e[xx+M], X; e+ 1|(j =k+],..1)}

x)" ™ Ax + o(Ax)

['(a+ )
['(a)T'(B)

In—l(l o J‘_)d—l

where a=k,f=n—-k+1
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Game(Beta - Bernoulli)

Generate random figure x4,X,,X3,...X,, ~ Uniform(0,1),
guess pth large number, Given y,,y,,...y,, ~

— UnifOrm(O,l), Yir¥Ym1 IeSS P and Ymi1+1r Ym1+2s+++Ym
bigger p. How do you guess (p+m,)th ?

1: Xq,X9,:-- ..",,iif\(}Uniform(().l). H F B X N 8 W 4 i
S RX ), X2y s Xnyy RITESHp = X5:

2: Y,Ys,--- .Y,,,iif\(}Unifnrm((). ), Yi'PfEm AN tepshd, mao N EpK;

3: [ P(p|Yy,Ya, -+, Y,,) BI04 4
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 Game(Beta-Bernoulli)

/‘\\‘\ Clusterl Cluster2
\ X Ax  (1-x)
Y 0 e o o ! ! o o o 1
k-1values X x+ Ax n-k values
Koo Xy X, XX,

Step 1: p =X, T MNERBMSE, WS HpM DA f(p) = Beta(p |k, n—k +1FF

HNpHIFEI 514 .

Step 2 : s YA am, Atp/h, my AN Hp K, Y A=A T2l 7 m ik DUB5A]sLss,  fr Lo
m g N353 41 B(m, p) ;

Step 3 : fE45 7€ 1 R B IR ALy m) I FR S, pHIJE IR AT AL

f(p|m,m,)=Beta(p|k+m,n—k+1+m,)
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Beta(p | k,n—k +1)+ BernouCount(m,,m,) =Beta(p |k + m ,n—k +1+m,)
a=k,f=n—k+1

a, [3 : physical count

* Especially, Beta(p|1,1)+ BernouCount(ax —1, f—1) = Beta(p | a, )

Beta(p|1,1) is Uniform(0,1)
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Game (Dirichlet):

1: X;,Xo,--- .X,,ifi\(aiUn'ifm'm(O. 1),
2: ﬁH]’]ﬁ%}f“iﬂ’”‘ﬁ!’f?ﬁl‘lﬁkﬁx“)X(z) -X(n)s
3: I?H(X(kl)X(M“Z))H‘JHX{\M}{IJE“Z.

x1 \ X x2 \ X x3

0 k1-1values k2-1 values n-k2-klvalues 1

P X Ax X Ax _ 1 n_2 k-1 ky=1_ n—k—k, Ax 2
( k) € (%, x; + Ax), (k+ky) € (x,,x, + Ax)) =n(n—1) -1k —1 X Xyt X (Ax)
1 by

F((’l + %) + ()3) (ll—lrug—l,_ az—1
[(a1)(az)l(az) t "% 73

f(II~I2-417:5) -
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* Dirichlet-Multi

t: X1, Xz, , Xa~Uniform(0,1), # /¥ & % B # W ¥ 4% it
j'fiLX(l) X@) s Xn)

2 2p1 = X(ky)s P2 = X(kytka)s P3 = 1 — p1 — p2 (M _LEps &4 T BOFRIE T R
Fr), ﬁcﬂ]‘hfmﬂﬂp (p1.p2.P3);

3 Y,,Ya, -, Yo oUniform(0,1), Y; ' #& 30, p1), [p1, p2), [P2, 1] =ANX (8] )
A%U})J'J}Jml Mo, M3, M = my + mo + m3;

4: WERSMGP(PIY1. Yo, -+ Y) BRI RAT A

..

\ X x2 \ X x3

o @ o @ [ ]
n-k2-klvalues 1

0 k1-1values k2-1 values

Dir(p\k) + MultCount (i) = Dir(plk + 1)

How to apply in Dirichlet Process? Introduce next part
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 Dirichlet Process Induction:

* Given Xy, Xy, X, ..., X, Corresponding feature ©,, ©,, O,,...,
* Want to divide into k classes.

P(O;=0,) =0, if Gyis continuous. = discretization G,

G ~ DP(a,G,) /

Notice : even if Gy(®) is a continuous, the distributions drawn from the
Dirichlet Process are almost surely discrete (G ). (7 made up of a countable
infinite number of point masses. ( How to comprehend G ?)
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N RN P70 N N |
|r.,J |.E\|q |
e .||1|,y

T(iix.ht.l t
M 7

K‘?

A, Az |As

N\ Ll bHC

?}/QQQ

(G(4,),...,G(A4))) ~ Dirichlet(aG,(4,),...,aG,(A4,))
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e Dirichlet Process :
. A family of stochastic processes
A probability distribution whose domain is itself a set of probability

distribution. =
Ay
A
Ao

Dirichlet Process : a probability distribution over “probability distribution
over O space” .

(G(4,),...,G(A))) ~ Dirichlet(aG,(A4,),...,aG,(A4,))
Sum of each area object to Dirichlet distribution

Where G is ,a random probability measure, a function of subsets of space
®to [0,1]

G,(®) is a base distribution and the excepted distributions.
d is a strength value.
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(G(4,),...,G(A,)) ~ Dirichlet(aG,(A4,),.. ,aG

E(G(4))=Gy(A4)

G, (A(1-G,(4))
a-+l1

V(G(4)) =

a—0
V(G)=G,(1-G,)~ Bornoulli(G,)

a —> o0 G

G,(1-G,) o Ao /a | =
I Lbe . bt ﬁ\\h Ll
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0.50 Draws from the Dirichlet

Il | process DP(N(0,1), alpha).

‘ | Each row uses a different
alpha: 1, 10, 100 and 1000. A

row contains 3 repetitions of

N [ M [ m | the same experiment
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Graph model:
* Arandom probability measure G : G ~DP(a,G,
 Samples:0,,..., 0,~ G (discrete)

represent: G = i”k@*

k=1 .
59;:1 rlf QZ:Q ’
5, =0 1 4/ 24
where 7, is a weight of samples.

6’1. remarks that feature of v; %
n=

1..N/




Dirichlet Process Mixture Model

* Prior:
(G(4,),...,G(A))) ~ Dirichlet(aG,(4,),...,aG,(A4,))
<=> (P> Py> P3>--» P, ) ~ Dir(a,,a,,a;,...,a,)

e Likelihood:

‘91' ~ G(Ai)

<=>(0,0,,0,,...,0,) ~ Multi(p,, p,, P3>---» ;)
 Posterior:

k
likelihood + Porior « H pltnt

i
i=1

= Dir(a, +n,,a, +n,,a, +n,,...,a, +n,)

@ 3 T
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a G,
G

[

\_

Or_
o

Yi
n=1..N_/

However, we is not likely to consider the order of samples.
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Process and other representatigns
S >
*

Plai=¢ |eq)=" 1 0
= _a
1+a 14+«
= i
2+« 2+a
i 2 iy
3+a 3+a 3+a
N
P(X1,..,XN) = [ P(@) [] P(XalG)dG
n=1
X with probability m
Xn|X1,.., Xn1 = { new draw from Gg with probability —n_‘i‘_,_a

Conclusion : joint probability is same! Exchangeable

Rich get richer
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The Dirichlet Process, the Chinese Restaur

Process and other representations
The Pdlya urn scheme :
The algorithm:
step 1 : need an observation urn, draw a ball from urn (a non-transparent )

step 2 : observation is black, generate a new (non-black) color uniformly,
label a new ball this color, drop the new ball into urn.

step 3 : we draw a random ball from the urn, we observe its color, we place it
back to the urn and we add an additional ball of the same color in the urn.
(- o

v @

Representation : a sequence of 6,,0,,... with conditional probabilities
ﬂGQ +:I:_-1 69.

Onlban-1 ¥ — 77— Gg: distribution over colors. 8,, : the color of the ball
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The Stick-breaking construction :

— R, HEOLE, SthAsm. - HT

We assume that we have a stick of length 1, we break it at position 3, and
we assign 1T, equal to the length of the part of the stick that we broke. We
repeat the same process to obtain 1T,, 1T3,... etc; due to the way that this
scheme is defined we can continue doing it infinite times.

For each B; choose a i, corresponding to a cluster, and then pick out TT;.
Similarly, stick is divided to some clusters.

B4, B,,..., B,,...~Beta(l )

j=i-1

ﬂi:IBiH(l_ﬂ-j) T1
J=1 7'('2
G:Zﬂng: Xilf X>2|<
i=1
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Application of Chinese Restaurant Process @

* Topic modeling

* Customers correspond to documents X; in topic model.

* Tables corrspond to hidden classes k in topic model
3 o e Data consists of “documents” Xj;

e Each X is a sequence of “words” X; ;

Initialize by randomly assign each document

6 0 .
/ X to a topic Y;

Repeat the following:

» Replace ¢ with a sample from a
Dirichlet with parameters 8+ N (Y)
» For each topic k, replace 6, with a
n sample from a Dirichlet with
parameters o + Y.y N (X))
» For each document i, replace Y; with a
sample from

P(Yl :k|¢/01Xl) X (Pk Gk]]

\J A/
Y X
d

N;(X)
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end
thanks




